Abstract. Let <p be Euler's function. Upper and lower bounds are presented for D(x\ the density of the integers n for which <dn)/n ä x. The bounds, for x = 0(.01)1, have an average spread of less than 0.0203.
Introduction.
We denote by dX the density, if it exists, of a subset X of the positive integers.
Let <p be Euler's function, *>(«) = « II (1 -P~l).
It is known (see, for example, Kac [2] ) that the function
(1) D(x) = 8{n: <p(n)/n = x] exists and is continuous for all real x; D(x) is clearly constant for x ^ 0 and for x ^ 1. In this paper, we present upper and lower bounds for D(x) for 0 = x = 1. The bounds, obtained in a CDC 6600 demonstration run in 70 seconds, were computed for x = 0(.001)1, but, for the sake of brevity, we present here only the bounds for x = 0(.01)1. The average spread between the upper and lower bounds presented is less that 0.0203, although near x = 1 and x = \ the spread is much larger. where (x, y) denotes as usual the greatest common divisor of integers x and y. Note that in (2) we may as well require that k be squarefree. It is easy to prove that
where f is Riemann's function.
In the generalization of (1), let
with D(x, 1, 1) = D(x). Although it is not our purpose here to prove the existence of the D(x, j, k), such a result may be obtained by a slight modification of the proof presented by Kac [2] of the existence of D(x).
We define
It is clear that F(t, j, k) = D(l/t, j, k) for all t > 0. Then by a modification of the author's technique [4] for bounding the density function associated with the sum of divisors, which in turn was a modification of Behrend's procedure [1] for bounding the density of the abundant numbers, we have
with equality if t = j/(p(j), and
, where M is the mean from (3). If we substitute t = l/x into (4) and (5), we have
with equality if x = <pij)/j, and
It is then an easy matter to show that
with equality if x 2i <p(j)/j, and
We used (6) and (7) Using the observation that, if q is the largest prime dividing m, then m/<p(m) g ff, it is easy to prove that (9) 2^(n)/« = 1 + «Mn).
The author has investigated [3] the functions B(x, j, k) = 5{n: j | n, (n/j, k) = 1, ^(«)/« ^ *}.
It is an immediate consequence of (8) and (9) that B(x) = FC*, j, k) = B((x + l)/2, 7, *)
for all y and /c. This observation was used with the author's bounds for B(x, j, k) to improve the preliminary bounds for D(x) with x close to 1. Table I and are illustrated by Fig. 1 . .8684 5. Remarks. Similar to the situation in [4] , and for much the same reasons, the dramatic changes in D(x) occur near values x for which there is a relatively small integer n such that x = <p(n)/n. One may easily show that
Bounds. Our upper and lower bounds for D(x) are presented in

